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Abstract. We examine oscillation behavior of normal logic programs.
Both the Gelfond-Lifschitz operator and the TP operator are used to up-
date Herbrand interpretations, and any interpretation finally reaches in
an oscillator. It has been shown that the supported model semantics of
normal logic programs can characterize point attractors of Boolean net-
works. We here newly define supported classes of normal logic programs
to investigate periodic oscillation induced by the TP operator, and apply
them to characterize cycle attractors of Boolean networks. We also relate
stable classes and supported classes of normal logic programs.

1 Introduction

A logic program can be viewed as a state transition system, in which each rule in
the program represents how an entity (atom) is affected by other entities. Given
an Herbrand interpretation as an initial state of the entities, a logic program
defines the next state as an Herbrand interpretation through an operator associ-
ated with the program. It has been observed in [5,14] that both the TP operator
[26,3] and the Gelfond-Lifschitz operator [12,6] exhibit oscillating behavior for
normal logic programs. This paper investigates such behavior in detail.

For a definite program P , van Emden and Kowalski [26] considered the TP

operator for P . This TP operator is monotone, so that any interpretation finally
reaches a fixpoint. In particular, the empty set ∅ reaches the least fixpoint,
TP ↑ ω, which is the least model of P . For a normal logic program P , however,
TP is not monotone. Apt, Blair and Walker [3] showed that a fixpoint of TP for
a normal logic program P is a supported model of P , and vice versa.

Given an Herbrand interpretation I, Baral and Subrahmanian [5,6] defined
an operator for a normal logic program P called the FP operator such that
FP (I) = TP I ↑ ω, where P I is the Gelfond-Lifschitz reduct of P with respect to
I [12]. By definition, a fixpoint of FP is a stable model of P . This FP is anti-
monotone, so FP

2 is monotone. Then, [5] defined a stable class of P , which is
a set S of Herbrand interpretations such that S = {FP (I) | I ∈ S}. A stable
model corresponds to a singleton stable class, i.e., |S| = 1. It has been proved
that every normal logic program has at least one stable class [5] and that the
well-founded semantics [27] corresponds to a stable class that is minimal with
respect to the Hoare ordering [6].
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Recently, Inoue [14] revealed that the TP operator for a normal logic program
P precisely captures the synchronous update of Boolean networks, which have
been used as a mathematical model of genetic networks and complex adaptive
systems [18,19]. The stable states and dynamics of Boolean networks are charac-
terized by their attractors. Then, the supported model semantics of normal logic
programs captures the point attractors of Boolean networks. On the other hand,
cycle attractors of Boolean networks represent periodic oscillation of the TP op-
erator. By this way, [14] observes the similarity between normal logic programs
and Boolean networks. Actually, any normal logic program P can be converted
to a Boolean network whose point attractors correspond to the supported mod-
els of P . Yet, [14] has not presented to what classes of interpretations cycle
attractors precisely correspond in the semantics of logic programs.

In this paper, we first revisit the stable class semantics of normal logic pro-
grams, and analyze the oscillation behavior of them. Next, the supported classes
of normal logic programs are newly defined to extend the supported models so
that the supported models correspond to the singleton supported classes. This
extension is made in a similar way that the stable classes are defined by ex-
tending the stable models in [5,6]. Then, we characterize both point attractors
and cycle attractors of Boolean networks by supported classes of correspond-
ing logic programs. This result also extends the previous result in [14], which
characterizes point attractors by supported models. We also investigate the rela-
tionships between stable classes and supported classes of normal logic programs,
thereby illustrating different oscillating behaviors of programs. Moreover, sta-
ble classes of a program can be shown to be translated into supported classes
of a prerequisite-free program, which enables us to compute stable classes via
computation of attractors of the corresponding Boolean network.

In the rest of this paper, Section 2 revisits the stable class semantics of nor-
mal logic programs and characterizes it in a different way. Section 3 defines the
supported class semantics of normal logic programs and shows its relation to
supported models. Section 4 considers attractors of Boolean networks and their
relations to supported classes of logic programs. Section 5 presents more rela-
tionships between stable classes and supported classes of normal logic programs,
and discusses their computational issues.

2 Stable Classes

We consider a first-order language and denote the Herbrand base (the set of all
ground atoms) as B. A normal logic program (NLP) is a set of rules of the form

A ← A1 ∧ · · · ∧ Am ∧ ¬Am+1 ∧ · · · ∧ ¬An (1)

where A and Ai’s are atoms (n ≥ m ≥ 0). For any rule R of the form (1), the
atom A is called the head of R and is denoted as h(R), and the conjunction to
the right of← is called the body of R and we represent the positive and negative
literals in the body as b+(R) = {A1, . . . , Am} and b−(R) = {Am+1, . . . , An},
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respectively. An NLP is also called a logic program or a program in this paper.
An NLP P is a definite program if b−(R) = ∅ for every rule R in P .

Let ground(P ) be the set of ground instances of all rules in a logic program
P . An (Herbrand) interpretation I is a subset of B, and is called an (Herbrand)
model of P if I satisfies all ground rules from P , that is, for any rule R ∈
ground(P ), b+(R) ⊆ I and b−(R) ∩ I = ∅ imply h(R) ∈ I.

For a definite program P , there exists a unique minimal model [26], i.e., the
least model of P . It is characterized by the immediate consequence operator (or
TP operator), which is defined as a mapping TP : 2B → 2B:

TP (I) = { h(R) | R ∈ ground(P ), the body of R is true in I }. (2)

If P is a definite program, then TP (I) for an Herbrand interpretation I becomes

TP (I) = { h(R) | R ∈ ground(P ), b+(R) ⊆ I }. (3)

The ordinal powers of TP are defined as:

TP ↑ 0 = ∅,
TP ↑ n+ 1 = TP (TP ↑ n),
TP ↑ ω =

⋃
n∈ω TP ↑ n,

where n is a successor ordinal and ω is a limit ordinal. Note that the mapping
TP is monotone for any definite program P . Then TP ↑ ω is the least fixpoint of
TP , which is exactly the least model of P [26].

The stable model semantics was defined by Gelfond and Lifschitz [12] through
the reduct of a program. Given a logic program P and an Herbrand interpretation
I, the reduct of P relative to I is defined as the definite program:

P I =

{(

h(R)←
∧

B∈b+(R)

B

) ∣
∣
∣
∣ R ∈ ground(P ), b−(R) ∩ I = ∅

}

.

An Herbrand model I is a stable model [12] of P if I is the least model of P I , i.e.,
TP I ↑ ω = I. Since P I = P holds for any definite program P and any Herbrand
interpretation I, the unique stable model of a definite program is its least model.

Definition 2.1 (Baral and Subrahmanian [5,6]). Given a logic program
P and an Herbrand interpretation I, the Gelfond-Lifschitz operator (or the FP

operator) is defined as:
FP (I) = TP I ↑ ω. (4)

A non-empty set S of Herbrand interpretations1 is a stable class of P iff it holds
that

S = {FP (I) | I ∈ S}. (5)

A stable class S of P is strict iff no proper subset of S is a stable class of P .

1 The non-emptiness condition on S is necessary, since S = ∅ satisfies (5). This condi-
tion is stated in [30]. On the other hand, the definition in [6] imposes the condition
that S is finite to avoid an infinite transition. We can allow an infinite S in this
section, but later the finiteness is required in Section 4.
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Fig. 1. State transition graph induced by FP1

A stable model corresponds to a singleton stable class S, i.e., |S| = 1. Ac-
cording to [5], every NLP has at least one stable class. It is easy to see that the
union of two stable classes of P is also a stable class of P . Hence, strict stable
classes are meaningful to represent such minimal cores.

Example 2.1. Consider the logic program P1:

p← ¬q,
q ← ¬p,
r ← q.

There are three strict stable classes of P1:

S1 = {{p}}, S2 = {{q, r}}, S3 = {∅, {p, q, r}}.

S1 and S2 correspond to the stable models of P . These stable classes can be
graphically represented [6] as cycles in a state transition graph in which nodes
are Herbrand interpretations2 and there is a directed arc from interpretation I
to interpretation J iff J = FP (I). The state transition graph induced by FP1 is
depicted in Figure 1. The stable classes S1 and S2 respectively correspond to
the self-loops connecting to p and qr, and S3 is represented by the non-singleton
cycle ε→ pqr → ε.

We now give an alternative characterization for the strict stable classes. A
sequence of applications of an operator on the Herbrand interpretations is called
an orbit [7]. Given a logic program P and an interpretation I, the orbit of I with
respect to the TP operator is the sequence 〈TP

k(I)〉k∈ω , where TP
0(I) = I and

TP
k+1(I) = TP (TP

k(I)) for k = 0, 1, . . .. Similarly, we can now define the orbit
of I with respect to the FP operator as the sequence 〈FP

k(I)〉k∈ω . Put

FP (I) = {FP
k(I) | k ∈ ω}. (6)

Theorem 2.1. A non-empty set S of Herbrand interpretations is a strict stable
class of a logic program P iff FP (I) = S for every I ∈ S.

Proof. For any I ∈ S, FP (I) = FP
1(I) ∈ FP (I) holds. Then, {FP (I) | I ∈ S} ⊆⋃

I∈S FP (I). Suppose that FP (I) = S for every I ∈ S. Then,
⋃

I∈S FP (I) =

2 Each interpretation is represented as a sequence of atoms instead of a set of atoms
in the graph, e.g., pq means {p, q} and the empty string ε means ∅.
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⋃
I∈S S = S. Hence, {FP (I) | I ∈ S} ⊆ S. Assume that S \{FP (I) | I ∈ S} = ∅.

Then, there exists I ∈ S such that I = FP (J) for every J ∈ S. Since J ∈ S,
I ∈ FP (J) = S, then I = FP

k(J) for some k > 1. But I = FP (FP
k−1(J))

and FP
k−1(J) ∈ S, a contradiction. Hence, {FP (I) | I ∈ S} = S. Therefore,

S is a stable class of P . Now assume that there exists a subset S ′ ⊂ S such
that S ′ is a stable class of P , i.e., S ′ = {FP (I) | I ∈ S ′}. Take any I ∈ S ′. By
I ∈ S, FP (I) = S holds. There must be J ∈ S \ S ′, but J = FP

k(I) holds for
some k > 1. Then, FP

k−1(I) ∈ S ′, since otherwise J belongs to S. Similarly,
FP

k−2(I) ∈ S ′ must hold. Repeating this inference we reach to the conclusion
that FP

1(I) ∈ S ′, a contradiction. Hence, S is a strict stable class of P .
Conversely, suppose that S is a strict stable class of P . Since S is a stable

class of P , S = {FP (I) | I ∈ S} holds. By FP
0(I) = I ∈ FP (I), S ⊆

⋃
I∈S FP (I)

holds. Assume that there exists J ∈
⋃

I∈S FP (I)\S. Then, J = FP
k(I) for some

I ∈ S and k > 1. Then, FP
k−1(I) ∈ S, since otherwise J belongs to S. Similarly,

FP
k−2(I) ∈ S must hold. Repeating this inference we reach to the conclusion

that FP
1(I) ∈ S, a contradiction. Hence, S =

⋃
I∈S FP (I).

Now assume that FP (I) = S for some I ∈ S. By S =
⋃

J∈S FP (J), FP
k(I)

must belong to S for every k ≥ 0. Hence, FP (I) ⊂ S holds. Let S ′ = S \ FP (I).
Take any J ∈ S ′. Since J ∈ FP (I), FP (J) ∈ FP (I) holds too. Then, FP (J) ∈ S ′.
Hence, S ′ = {FP (J) | J ∈ S ′} holds. This means that S ′ is a stable class of
P . However this is impossible, since S is a strict stable class of P . Therefore,
FP (I) = S for every I ∈ S. ��

Theorem 2.1 gives us a new insight into strict stable classes. The original def-
inition of strict stable classes [5] is based on the minimality of stable classes
with respect to set inclusion of interpretations. Such minimality is guaranteed
if no redundant interpretation is contained in a stable set. The irredundancy of
a strict stable class S is explained in Theorem 2.1 by the property that those
interpretations appearing in the orbit of any interpretation in S exactly coincide
with S. Hence, a strict stable class S composes a connected component in the
state transition graph.3 On the other hand, a non-strict stable class must con-
sist of multiple connected components. Hence, a strict stable class represents a
minimal oscillation between interpretations.

Since the mapping FP is deterministic for any NLP P , we can further guar-
antee that the orbit of any interpretation belonging to a finite strict stable class
S repeats a sequence of the interpretations appearing in S always in the same
order. In other words, the state transition graph for S becomes a directed cycle,
which is shown in the following strengthened result.4

Theorem 2.2. Let P be a logic program, and S a finite set of Herbrand inter-
pretations of P . Then, S is a strict stable class of P iff there is a directed cycle

3 In other words, S is the set of interpretations that are reachable from every interpre-
tation in S in the state transition graph. This property is inspired by the definition of
attractors in Boolean networks [11,14], and we adapt the notion into stable classes.

4 Theorem 2.2 is essentially equivalent to [5, Theorem 3]. We here give a proof which
can be applied to a similar result for supported classes in Section 3.
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I1 → I2 → · · · → Ik → I1 (k ≥ 1) in the state transition graph induced by FP

such that {I1, I2, . . . , Ik} = S.

Proof. If there is a directed cycle satisfying the condition of the proposition,
then FP (Ii) = S holds for every Ii ∈ S (i = 1, . . . , k). Then, S is a strict stable
class of P by Theorem 2.1.

Conversely, let S be a strict stable class of P such that S = {I1, I2, . . . , Ik}
(k > 0). Then, FP (Ii) = S for every i = 1, . . . , k by Theorem 2.1. Suppose
further that, for each i = 1, . . . , k, FP (Ii) = Is(i) ∈ S for some 1 ≤ s(i) ≤ k.
Since S is strict, {Is(i) | 1 ≤ i ≤ k} = S and all Is(i)’s are different from each
other. Then, there is a 1-1 correspondence between {Is(i) | 1 ≤ i ≤ k} and S,
that is, S is a cyclic group, which constitutes a directed cycle I1 → Is(1) →
Is(s(1)) → · · · → Isk(1) → I1 in the state transition graph induced by FP . ��

Note that the condition being a strict stable class in Theorem 2.1 is weaker
than that in Theorem 2.2, since the former is stated in terms of an unordered
set. Then, equivalence of strict stable classes in two programs does not imply
equivalence of their state transition graphs.5

Example 2.2. Consider the logic program P2 containing a cycle with three
negations:

p← ¬q,
q ← ¬r,
r ← ¬p.

P2 has no stable model but has two strict stable classes:

S3 = {∅, {p, q, r}}, S4 = {{p}, {p, q}, {q}, {q, r}, {r}, {p, r}}.

Let us consider the logic program P3 obtained by taking the contrapositive of
each rule in P2:

q ← ¬p,
r ← ¬q,
p← ¬r.

P3 has exactly the same stable classes as P2. However, the directed cycle for S2

in P2 is p → pq → q → qr → r → pr → p, while that in P3 is in the reverse
order, i.e., p→ pr→ r→ qr → q → pq → p.

Since all meaningful stable classes are strict, from now on we simply call
each strict stable class as a stable class as long as there is no confusion. Each
(strict) stable class is minimal in the sense of set inclusion over the sets of stable
classes. Over the sets of strict stable classes of a logic program, however, we can
further define preference relations. For example, we can prefer those minimal
interpretations containing as few atoms as possible. Based on this intuition,
stable classes have been used to represent several semantics for NLPs as follows.

5 To remedy this problem, we could define a stable class as a directed cycle satisfying
the condition in Theorem 2.2, while we follow the original definition of [5] here.
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– Baral and Subrahmanian [5] prefer the stable classes that are minimal with
respect to the Smyth ordering �s.

6 For Example 2.1, S1 and S2 are the
�s-minimal (strict) stable classes, which correspond to the stable model
semantics in this case.

– Baral and Subrahmanian [6] show that the well-founded semantics [27] cor-
responds to a stable class that is minimal with respect to the Hoare ordering
�h. For Example 2.1, S3 is the �h-minimal (strict) stable classes, in which
the truth values of p, q, r are undefined, that is, they are true in {p, q, r} ∈ S3

and are false in ∅ ∈ S3.
– You and Yuan [30] use results from [16] and show that a �s-minimal stable

class S such that (i) S is a maximal fixpoint of the FP
2 operator, and that

(ii) S = {I, FP (I)} for some I ∈ 2B satisfying I ⊆ FP (I) corresponds to a
partial stable model [23], a preferred extension [9], and a regular model [29].

These correspondences with various semantics of logic programming are an im-
portant aspect of the stable class semantics. In this paper, we further focus on
another feature that has never been explored in detail. That is, we regard that
the oscillating behavior is very useful in representing dynamic systems. This as-
pect will be highlighted in the following sections where supported classes are
defined and are applied to represent dynamic systems.

3 Supported Classes

An Herbrand interpretation I ∈ 2B is supported in an NLP P if for any ground
atom A ∈ I, there exists a rule R ∈ ground(P ) such that h(R) = A, b+(R) ⊆ I,
and b−(R) ∩ I = ∅. I is a supported model of P if I is a model of P and is
supported in P [3]. It is known that every stable model is a supported model
[21], but not vice versa. For example, the logic program { p← p, q ← ¬p }, has
the supported models {p} and {q}, but only the latter is its stable model.

For a logic program P and an Herbrand interpretation I, Apt et al. [3] have
defined the TP operator TP : 2B → 2B as

TP (I) = { h(R) | R ∈ ground(P ), b+(R) ⊆ I, b−(R) ∩ I = ∅}. (7)

Actually, equation (7) is equivalent to equation (2), and is a generalization of (3).
Then, I is a model of P iff I is a pre-fixed point of TP , i.e., TP (I) ⊆ I. By
definition, I is supported iff I ⊆ TP (I). Hence, I is a supported model of P iff I
is a fixpoint of TP , i.e., TP (I) = I. Moreover, I is a model of Comp(P ), which
is the Clark’s completion of P , iff TP (I) = I. This means that the supported
models of P are precisely the models of Comp(P ).

Now we give the definition of the supported class semantics. Remember that
I is a stable model of P iff FP (I) = I and that a stable class is defined as
a fixpoint over sets of interpretations. The supported classes are then defined

6 Given a pre-ordered set (D,�) and X,Y ⊆ D, the Smyth order is defined as X �s Y
iff (∀x ∈ X)(∃y ∈ Y )x � y, and the Hoare order is defined as X �h Y iff (∀y ∈
Y )(∃x ∈ X) x � y [6]. Note that these orders are defined reversely in [13].
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in the same way as the stable classes using the TP operator instead of the FP

operator in (5).

Definition 3.1. A supported class of a logic program P is defined as a non-
empty set S of Herbrand interpretations satisfying the fixpoint equation:

S = {TP (I) | I ∈ S}. (8)

A supported class S of P is strict if no proper subset of S is a supported class
of P .7

Alternatively, we can define the strict supported classes in the same way as
Theorem 2.1. Given a logic program P and an Herbrand interpretation I, let
TP (I) be the set of Herbrand interpretations appearing in the orbit 〈TP

k(I)〉k∈ω

of I with respect to TP :

TP (I) = {TP
k(I) | k ∈ ω}. (9)

Theorem 3.1. A non-empty set S of Herbrand interpretations is a strict sup-
ported class of a logic program P iff TP (I) = S for every I ∈ S.

Proof. The proof of Theorem 2.1 can be applied here by substituting FP (I) and
FP (I) in Theorem 2.1 with TP (I) and TP (I), respectively. ��

As in the case of strict stable classes, Theorem 3.1 can be further strengthened
by taking the cyclic group into account.

Theorem 3.2. Let P be a logic program, S a finite set of Herbrand interpreta-
tions of P . Then, S is a strict supported class of P iff there is a directed cycle
I1 → I2,→ · · · → Ik → I1 (k ≥ 1) in the state transition graph induced by TP

such that {I1, I2, . . . , Ik} = S.

Proof. The proof of Theorem 2.2 can be applied here by respectively substituting
FP (I) and FP (I) in Theorem 3.1 with TP (I) and TP (I). ��

Example 3.1. Consider the program P1 in Example 2.1. There are three strict
supported classes of P1:

S1 = {{p}}, S2 = {{q, r}}, S5 = {{p, q}, {r}}.

S1 and S2 are also stable classes of P , but the stable class S3 = {∅, {p, q, r}} is
now replaced by S5. The state transition graph induced by TP1 is depicted in
Figure 2.

The next proposition states that two strict supported classes are orthogonal.

Proposition 3.3. Suppose S and S ′ are strict supported classes of a logic pro-
gram P that has a finite Herbrand base. Then, S = S ′ iff S ∩ S ′ = ∅.
7 Again, the union of any two sets of interpretations satisfying (8) satisfies (8).
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Fig. 2. State transition graph induced by TP1

Proof. The if direction is obvious. To prove the only-if direction, assume that
S ∩ S ′ = ∅ and there exists an Herbrand interpretation I ∈ S ∩ S ′. Applying
Theorem 3.1 twice, we have TP (I) = S and TP (I) = S ′, and thus S = S ′. ��

As in the case of stable classes, all meaningful supported classes are strict. Hence,
we will simply call each strict supported class as a supported class as long as
there is no confusion.

Proposition 3.4. I is a supported model of a logic program P iff {I} is a
supported class of P .

Proof. {I} is a supported class of P iff TP (I) = {I} iff TP (I) = I iff I is a
supported model of P . ��

Since the TP operator is the immediate consequence operator, the utility of the
supported class semantics can be seen in representing state transition systems,
in which inference of stepwise changes is simulated by the TP operator.

Example 3.2. Consider the logic program P4:

produce← ¬stock,
stock ← produce,

which represents that a shortage of stock triggers an additional production and
that a production causes a stock. Neither stable model nor supported model ex-
ists for P4. Both the stable class S4 = {∅, {produce, stock}} and the supported
class S5 = {∅, {produce}, {produce, stock}, {stock}} of P4 can represent contin-
uous changes of stocks. While S4 represents the cycle ε→ produce·stock → ε, S5

is a more refined cycle ε→ produce→ produce·stock → stock → ε. Hence, sup-
ported classes can be used to represent time delay occurring in positive inference,
while stable classes infer all consequences of the reduct at once.

4 Boolean Networks

In this section, we will see that the supported class semantics can be well applied
to Boolean networks, which was proposed as a mathematical model of genetic
networks and complex adaptive systems [18,19], and has been used as a discrete
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model of gene regulatory, signal transduction and protein interaction networks.
Cellular automata [28] are regarded as special cases of Boolean networks. Inoue
[14] has shown that the TP operator is useful to characterize the dynamics of
synchronous Boolean networks. Here, we extend the result of [14] and show that
the attractors of Boolean networks can be completely characterized by supported
classes of associated logic programs.

A Boolean network (BN) is a pair N = (V, F ), where V = {v1, . . . , vn} is
a finite set of nodes and F = {f1, . . . , fn} is a corresponding set of Boolean
functions.8 Let vi(t) denote the value of vi at time t, which takes either 1 or 0.
The overall expression level of all nodes in N at time step t is called a state of
N at t, and is expressed as a vector v(t) = (v1(t), . . . , vn(t)). The value of node
vi at the next time step t+ 1 is determined by vi(t+ 1) = fi(vi1 (t), . . . , vik(t)),
where vi1 , . . . , vik are the set of input nodes of vi, and the number k is called the
indegree of vi. In this paper, we consider Boolean networks in which the value
of each node is updated synchronously.9

A consecutive sequence of states obtained by state transitions is called a
trajectory of N . Since any state transition at any time step is deterministic, the
trajectory starting from any state is uniquely determined. Let w ∈ {0, 1}n be a
state, and RN (w) be the states reachable in the trajectory of N starting from
w. Then, a set S of states is an attractor of N if RN (w) = S holds for every
w ∈ S [11]. Any trajectory from a node in an attractor S composes a single
loop, w0, . . . , wp−1, wp(= w0), where p = |S| (1 ≤ p ≤ 2n). The length p is also
called the period of the attractor S, and S is called a point attractor (or singleton
attractor) if p = 1; Otherwise (p > 1), it is called a cycle attractor. The set of
states that reach the same attractor is called its basin of attraction [19].

A Boolean network is often represented graphically with two types of edges,
which are positive and negative, in which u −→ v means that u(t) positively
takes part in the regulation function for v(t + 1) and u —–| v means that u(t)
negatively takes part in the regulation function for v(t+ 1).10

Example 4.1. Consider the Boolean networkN1 = (V1, F1), where V1 = {p, q, r}
and F1 is as follows.

p(t+ 1) = q(t),

q(t+ 1) = p(t) ∧ r(t),

r(t+ 1) = ¬p(t).

8 In a gene regulation network, each node vi ∈ V represents a gene and each fi ∈ F
is called the regulation function of vi. A node vi ∈ V takes the value 1 if the gene is
expressed, and takes the value 0 if it is not expressed.

9 There are also asynchronous Boolean networks [11], in which not all nodes are nec-
essarily updated at a time. Some asynchronous BNs can be encoded in ASP [14].

10 A positive edge of the form u −→ v is often called a trigger or an activator of v, and
a negative edge of the form u —–| v is called an inhibitor or a repressor of v. Note
that the exact Boolean function fi ∈ F for a node vi ∈ V is not captured with this
graphical representation. Hence the set F must be always shown with such a graph.
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Fig. 3. Boolean network N1 and its state transition diagram

The Boolean network N1 is represented in Figure 3 (left). Starting from the
initial state v(0) = (0, 1, 1), the trajectory becomes (0, 1, 1), (1, 0, 1), (0, 1, 0),
(1, 0, 1), . . ., and pr → q → pr is a cycle attractor (Figure 3, right below).11

N1 has another, point attractor r → r (Figure 3, right above) whose basin of
attraction is {pqr, pq, p, ε, r}.

Note that any state in a Boolean network deterministically belongs to the
basin of attraction of only one attractor. In applications to biological networks
[19,24], each attractor represents a cell type, a type of memory, or a cellular state
such as proliferation, apoptosis and differentiation.

4.1 From Boolean Networks to Logic Programs

We here show a translation of Boolean networks into normal logic programs.
Given a Boolean network N = (V, F ), each Boolean function fi ∈ F for a node
vi ∈ V is to be embedded into rules in a logic program. Then, fi should be
transformed in disjunctive normal form (DNF). Since this is always possible, we
assume that each fi ∈ F for a node vi ∈ V is already written as a DNF formula:

vi(t+ 1) =

li∨

j=1

Bi,j(t), Bi,j(t) =

mj∧

k=1

vi,j,k(t) ∧
nj∧

k=mj+1

¬vi,j,k(t), (10)

where vi,j,k ∈ V and nj ≥ mj ≥ 0 for j = 1, . . . , li. Note that li (and j) can be 0
for a node vi, so that the indegree of vi is 0. In this case, vi is called a constant
node, and cannot change its value. Let VC ⊆ V be the constant nodes of N .

According to [14], we can associate the propositional logic program π(N) for
a Boolean network N as:

π(N) = { (vi ← Bi,j) | vi ∈ (V \VC), 1 ≤ j ≤ li }∪{ (vi ← vi) | vi ∈ VC }, (11)

where Bi,j is the conjunction of literals obtained from Bi,j(t) in (10) by deleting
the time argument (t) appearing in every vi,j,k(t) (k = 1, . . . , nj) in it. For any
state v(t) = (v1(t), . . . , vn(t)) at time step t, the interpretation It ⊆ V is defined
as It = {vi ∈ V | vi(t) = 1}. Then, it holds that It+1 = Tπ(N)(I

t).

11 As in the case of state transition for logic programs, each state is represented as
a sequence of nodes whose values are 1, e.g., pq means (p, q, r) = (1, 1, 0) and the
empty string ε means (0, 0, 0) in the state transition diagram for a Boolean network.
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Proposition 4.1. [14] Let N be a Boolean network, and v(t) a state at some
time step t. Then, the orbit of It with respect to Tπ(N) is precisely the trajectory
of N starting from v(t). That is, Tπ(N)(I

t) = RN (v(t)) holds.

Proposition 4.1 implies that every attractor can be obtained as an attracting
cycle appearing in an orbit of I0 that corresponds to some initial state v(0), and
in particular that a point attractor corresponds to a fixed point in such an orbit.

Example 4.2. For the Boolean network N1 in Example 4.1, the logic program
π(N1) is given as:

p← q,
q ← p ∧ r,
r ← ¬p.

(12)

Then, starting from the state v(0) = (0, 1, 1), the orbit 〈Ik〉k∈ω of I0 with respect
to Tπ(N1) is {q, r}, {p, r}, {q}, {p, r}, . . ., which is exactly the trajectory of N1

from v(0). Among them, the repeat pr → q → pr represents the cycle attractor
of N1. On the other hand, starting from (1, 1, 1), the orbit of {p, q, r} reaches
the fixed point {r}, which corresponds to the point attractor r → r of N1.

We often identify a state v(t) with an interpretation It, and will denote it as
I whenever the time step t is not important.

Proposition 4.2. [14] Let N = (V, F ) be a Boolean network. Then, {I} is a
point attractor of N iff I is a supported model of π(N).

Proposition 4.2 characterizes the set of all point attractors of a Boolean net-
works in terms of a single logic program. All supported models of π(N) can be
enumerated as the models of its completion:

Comp(π(N)) ≡
∧

vi∈(V \VC)

⎛

⎝vi ↔
li∨

j=1

Bi,j

⎞

⎠ . (13)

Using a SAT solver, computation of point attractors can be automated by com-
puting the models of the formula (13).

We now generalize Proposition 4.2 to characterize the set of all attractors of
a Boolean network.

Theorem 4.3. Let N = (V, F ) be a Boolean network. Then, S is an attractor
of N iff S is a supported class of π(N).

Proof. S is an attractor of N iff RN (I) = S for every I ∈ S (by definition) iff
Tπ(N)(I) = S for every I ∈ S (by Proposition 4.1) iff S is a supported class of
π(N) (by Theorem 3.1). ��

Theorem 4.3 now characterizes both cycle and point attractors of Boolean net-
works. In fact, Proposition 4.2 is derived as a corollary of Theorem 4.3 using
Theorem 3.4. For Example 4.2, we see that there are two supported classes of
π(N1), {{r}} and {{p, r}, {q}}, which respectively correspond to the point at-
tractor and the cycle attractor ofN1. Remember that {r} is the unique supported
model of π(N1), which represents the point attractor by Proposition 4.2.
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4.2 From Logic Programs to Boolean Networks

Here we show a converse translation from logic programs to Boolean networks.
We here assume that the Herbrand base B is finite. By setting B as the nodes
of a Boolean network, any interpretation I ∈ 2B can be identified with a state
at some time step t, that is, Ai(t) = 1 iff Ai ∈ I and Ai(t) = 0 iff Ai ∈ I
for any Ai ∈ B. According to [14], given a propositional logic program P , we
can construct the Boolean network ν(P ) = (B, F (P )), where F (P ) is defined
as follows. For each Ai ∈ B, suppose the set of rules in P whose heads are Ai

is precisely given by {(Ai ← Γi,1), . . . , (Ai ← Γi,ik)}, where each Γi,j (1 ≤ j ≤
ik) is a conjunction of literals. The Boolean function for Ai is then defined as
Ai(t+ 1) = (Γi,1(t) ∨ · · · ∨ Γi,ik(t)) if ik ≥ 1, and is assigned 0 if ik = 0 (Ai is a
0-node12 ).

Proposition 4.4. [14] Let P be a propositional logic program. Then, I is a
supported model of P iff {I} is a point attractor of ν(P ).

Here, we can generalize Proposition 4.4 as follows.

Theorem 4.5. Let P be a propositional logic program. Then, S is a supported
class of P iff S is an attractor of ν(P ).

Proof. Each Boolean function fi ∈ F (P ) for a node Ai ∈ B in ν(P ) = (B, F (P ))
can be written as fi = (Γi,1 ∨ · · · ∨ Γi,ik). Then, for a time step t, Ai(t+ 1) = 1
iff fi(t) = 1 iff (∃j)Γi,j(t) = 1. Suppose an interpretation I ∈ 2B such that
(Ai(t) = 1 iff Ai ∈ I) and (Ai(t) = 0 iff Ai ∈ I) hold for any Ai ∈ B. Then,
J = TP (I) iff I for each Ai ∈ J there exists a rule (Ai ← Γi,j) in P such that
Γi,j is true in I iff I satisfies fi for every Ai ∈ J iff J is the next state of I for
the Boolean network ν(P ). Then, S is a supported class of P iff TP (I) = S for
any I ∈ S (by Theorem 3.1) iff Rν(P )(I) = S for any I ∈ S (by Proposition 4.1)
iff S is an attractor of ν(P ). ��

Note that, given a Boolean network N , it may hold that ν(π(N)) = N . This is
because for any constant node vi in N , no Boolean function is defined for vi in N .
However, the rule (vi ← vi) is included in π(N), which is then kept in ν(π(N)) as
the Boolean function fi

′ = vi. Nevertheless, we can identify a Boolean network
N and its corresponding logic program π(N) and identify a logic program P and
its corresponding Boolean network ν(P ) under the supported class semantics.

5 Between Stable and Supported Classes

We have seen in Section 2 that the stable class semantics can represent several
important semantics of logic programs including the stable model semantics [12]
and the well-founded semantics [27].

12 In a Boolean network, a 0-node can be graphically illustrated as a node that has a
single incoming edge from ⊥ representing the value 0.
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On the other hand, the supported class semantics defined in Section 3 is
suitable to represent dynamics of state transition systems including Boolean
networks [19] as shown in Section 4. Then, another merit of the supported class
semantics is that computation of supported classes is possible via algorithms to
compute attractors of Boolean networks. For example, attractors are searched
on state transition diagrams for Boolean networks with bounded model checking
[8], in which the length of trajectories is incrementally varied. Particular focuses
are put on point attractors [25,2] based on elaborate translations of Boolean
networks into SAT through completion (13). There are also some efficient algo-
rithms to compute cycle attractors with period 2 when Boolean networks are
unate [1]. These procedures to compute attractors of Boolean networks can thus
be applied to compute supported classes of logic programs. On the other hand,
there has been no procedure to compute stable classes except that singleton
stable classes, i.e., stable models, can be computed in ASP.

Given those merits of each semantics, we now investigate relationships be-
tween stable and supported classes. At first, recall that any stable model of a
logic program P is a supported model of P [21]. Any stable model also comprises
a singleton stable class [5], and any supported model forms a singleton supported
class (Proposition 3.4). Hence, we have the following immediate property.

Proposition 5.1. Let P be a logic program, I a stable model of P . Then, {I}
is both a stable class and a supported class of P .

Next we would expect that this result could be generalized so that any stable
class of P is a supported class of P . However, as shown in Examples 2.1 and 3.1,
this property does not hold. Then, it appears that a supported class might have
some delay compared with a corresponding stable class, due to the difference be-
tween the TP and FP operators applied to reducts, as explained in Example 3.2.
Unfortunately, this does not hold either.

Example 5.1. Consider the program P2 in Example 2.2, which has two stable
classes S3 and S4. The supported classes of P2 are exactly the same as these,
corresponding to cycle attractors with period 2 and period 6, respectively.13 Now,
consider the next program P5 obtained from P2 by adding one rule (p← p):

p← p,
p← ¬q,
q ← ¬r,
r ← ¬p.

P5 has the same stable classes as P2, i.e., S3 and S4, but there is the unique
supported class of P5: S6 = {{p, q}}. In fact, P5 has the unique supported model
{p, q}, and has no cycle attractor in the corresponding Boolean network.

13 The Boolean network corresponding to P2 is made of three repressors hooked up
in a cycle to form a negative feedback loop, and is called a repressilator [10]. Such
circuits often exhibit very complex oscillations.
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The next proposition shows that stable classes and supported classes coincide
for logic programs without “prerequisites”. A rule is called prerequisite-free if
b+(R) = ∅, and a logic program P is prerequisite-free if every rule in P is
prerequisite-free.

Proposition 5.2. Let P be a prerequisite-free logic program, and S a set of
interpretations. Then, S is a stable class of P iff S is a supported class of P .

Proof. Let I be any interpretation. When P is prerequisite-free, it holds that
P I = {h(R) | R ∈ ground(P ), b−(R) ∩ I = ∅}. Hence, FP (I) = TP I ↑ ω =
TP I (I). By [21, Theorem 2], TP I (I) = TP (I). Therefore, FP (I) = TP (I). Hence,
for any I ∈ S, FP (I) = TP (I) holds. By Theorems 2.1 and 3.1, S is a stable
class of P iff S is a supported class of P . ��

Proposition 5.2 gives a bridge between stable classes and supported classes. If
we find a translation of a program P into a prerequisite-free program Q without
changing the stable classes of P , then we can compute supported classes of Q
that are equivalent to stable classes ofQ (and P ) by Proposition 5.2. Fortunately,
we can use unfolding for this purpose.

Let R be a ground rule of the form (1):

A ← A1 ∧ · · · ∧ Am ∧ ¬Am+1 ∧ · · · ∧ ¬An.

Suppose that Ri is a ground rule of the form Ai ← Γi for i = 1, . . . ,m, where Γi

is a conjunction of literals. Then, UR(R1, . . . , Rm) is a ground rule:

A← Γ1 ∧ · · · ∧ Γm ∧ ¬Am+1 ∧ · · · ∧ ¬An.

Given an NLP P and a prerequisite-free program Q, Aravindan and Dung [4]
have defined unfolding of the rules in ground(P ) with prerequisite-free rules in
Q via the following operator SP :

SP (Q) = {UR(R1, . . . , Rm) | R ∈ ground(P ), Ri ∈ Q, 1 ≤ i ≤ m}.

Note that any UR(R1, . . . , Rm) ∈ SP (Q) is a prerequisite-free rule, and that
SP (∅) = {R ∈ ground(P ) | b+(R) = ∅} is the set of prerequisite-free rules in
ground(P ). Then the semantic kernel of P , denoted as SK(P ), is defined as the
prerequisite-free program SP ↑ ω, where

SP ↑ 0 = ∅,
SP ↑ n+ 1 = SP (SP ↑ n),
SP ↑ ω =

⋃
n∈ω SP ↑ n.

Proposition 5.3. [4, Theorem 3.1] Let P be an NLP, and SK(P ) its semantic
kernel. Then, P and SK(P ) have the same stable models.

Proposition 5.3 can be generalized as follows. In [4], it has been shown that P
and SK(P ) have the same preferred extensions, the same regular models, and
the same partial stable models. Hence, we add one more property here.
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Lemma 5.4. Let P be an NLP, and SK(P ) its semantic kernel. For any atom
A ∈ B, A ∈ TP ↑ n for some n ∈ ω iff there is a prerequisite-free rule Q ∈ SP ↑ n
such that h(Q) = A and I ∩ b−(Q) = ∅.

Proof. We prove the lemma by induction on n. When n = 0, it is obvious.
Assume that the lemma holds for n ≤ k, and consider the case of n = k + 1.
Suppose that A is derived at the ordinal k+1, i.e., A ∈ TP I ↑ k+1. Then, there
is a rule R ∈ ground(P ) such that h(R) = A and b−(R) ∩ I = ∅. For this R,
the reduct R′ exists in P I such that h(R′) = h(R) = A, b+(R′) = b+(R) and
b−(R′) = ∅. Moreover,Ai ∈ TP ↑ k holds for everyAi ∈ b+(R′). By the induction
hypothesis, there is a rule Qi ∈ SP ↑ k such that h(Qi) = Ai, b

+(Qi) = ∅ and
I ∩ b−(Qi) = ∅. Then, by unfolding, the rule Q = UR(Q1, . . . , Qm) ∈ SP ↑ k + 1
such that h(Q) = A, b+(Q) = ∅ and I ∩ b−(Q) = I ∩ (b−(Q1) ∪ · · · ∪ b−(Qm) ∪
b−(R)) = (I ∩ b−(Q1)) ∪ · · · ∪ (I ∩ b−(Qm)) ∪ (I ∩ b−(R)) = ∅. ��

Theorem 5.5. Let P be an NLP, and SK(P ) its semantic kernel. Then, P and
SK(P ) have the same stable classes.

Proof. We prove that FP (I) = FSK(P )(I) holds for any interpretation I. Since

SK(P ) is prerequisite-free, SK(P )I = {h(R) | R ∈ SK(P ), b−(R) ∩ I = ∅}.
Then, FSK(P )(I) = TSK(P )I ↑ ω = SK(P )

I
.

Now, let A be any ground atom. Then, A ∈ FP (I)
iff A ∈ TP I ↑ ω iff A ∈ TP I ↑ n for some n ≥ 1
iff there is a prerequisite-free rule Q ∈ SP ↑ n such that h(Q) = A and I ∩
b−(Q) = ∅ (by Lemma 5.4)
iff there is Q ∈ SK(P ) such that h(Q) = A and I ∩ b−(Q) = ∅
iff A ∈ SK(P )

I
iff A ∈ FSK(P )(I). ��

Hence, computing stable classes is now possible through translation of a logic
program P into SK(P ) (Theorem 5.5) and computing supported classes of
SK(P ) (Proposition 5.2) through attractor computation (Theorem 4.5). On the
other hand, SK(P ) does not preserve the supported models as well as the sup-
ported classes of P , e.g., P = {p← p} and SK(P ) = ∅.

As for computational complexity, however, we see below that stable classes
and supported classes have the same complexity on their existence. As explained
in previous sections, existence of stable/supported classes is always guaranteed.

Proposition 5.6. Any logic program has at least one stable class as well as one
supported class.

The next property is easily obtained by complexity results for existence of sta-
ble/supported models of logic programs.

Proposition 5.7. (1) Deciding if there is a singleton stable class is NP-complete.
(2) Deciding if there is a singleton supported class is NP-complete.

Proof. (1) is obtained by [22, Theorem 6.7]. (2) is equivalent to the problem that
Comp(P ) is consistent for an NLP P , which is NP-complete. ��
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Our interest here is a program that has no stable/supported model. Such a
program is regarded as inconsistent in general, but has a meaning under the
stable/supported class semantics. A program P is called FP -periodic (resp. TP -
periodic) if the size of minimum stable (resp. supported) classes of P is more
than 1. Then, the next property holds by Propositions 5.6 and 5.7.

Theorem 5.8. Deciding if a logic program P is FP -periodic (or TP -periodic) is
coNP-complete.

As the final remark, notice that the difference between the definition of stable
classes and that of supported classes only lies in the deterministic operators, FP

and TP , on 2B. Hence, the essence in the proofs of Theorems 2.1 and 2.2 can
be directly applied to the proofs of Theorems 3.1 and 3.2, respectively. Both
the FP operator and TP operator are reasonable as deterministic operators that
map over Herbrand interpretations, and are useful to characterize semantic and
dynamic aspects of logic programs. It is open whether any other interesting
deterministic operator exists for normal logic programs.

For the class of disjunctive logic programs, we might need a nondeterministic

operator like [15,20], which is a mapping 2B → 22
B
, yet Kalinski [17] has defined

stable classes for disjunctive programs by extending the definition (6) with the
notion ofmodel filters. Moreover, to characterize asynchronous Boolean networks,
the use of nondeterministic operators has also been suggested in [14]. These
generalizations are future works.
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