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Abstract. Inverse entailment (IE) is known as a technique for finding
inductive hypotheses in Horn theories. When a background theory is
nonmonotonic, however, IE is not applicable in its present form. The
purpose of this paper is extending the IE technique to nonmonotonic
inductive logic programming (ILP). To this end, we first establish a new
entailment theorem in normal logic programs, then introduce the notion
of contrapositive programs. Finally, a theory of IE in nonmonotonic ILP
is constructed.

1 Introduction

Inverse entailment (IE) [11] is one of the basic techniques in inductive logic
programming (ILP), which is used for computing inductive hypotheses in the
following manner. Given a background Horn logic program B and an example
E as a Horn clause, suppose a hypothetical Horn clause H satisfying

B ∧H |= E.
By inverting the entailment relation it becomes

B ∧ ¬E |= ¬H.
Put ¬Bot as the conjunction of ground literals which are true in every model of
B ∧ ¬E. Consider the case of ¬Bot |= ¬H.1 Then, it becomes H |= Bot. Such
Bot is effective for reducing the hypothesis space, since a possible hypothesis H
is constructed as a clause which subsumes Bot.
A Horn logic program is monotonic in the sense that adding a clause to

the program never leads to the loss of any conclusions previously proved in the
program. However, it is known that Horn logic programs are not sufficiently
expressive for the representation of incomplete knowledge. In the real world,
humans perform commonsense reasoning when one’s knowledge is incomplete.

1 Note that B ∧ ¬E |= ¬H does not imply ¬Bot |= ¬H. This is the reason for the
incompleteness of IE [15].



Commonsense reasoning is nonmonotonic in its feature, that is, previously con-
cluded facts might be withdrawn by the introduction of new information. A
logic program which has the nonmonotonic feature is called a nonmonotonic
logic program.
When a background theory is a nonmonotonic logic program, however, the

above IE relation does not hold in general. The IE relation is derived from the
original entailment as follows:

B ∧H |= E ⇔ B |= (H → E) (1)

⇔ B |= (¬E → ¬H) (2)

⇔ B ∧ ¬E |= ¬H. (3)

When B is nonmonotonic, there are two problems in the above derivation pro-
cess. First, in nonmonotonic logic the deduction theorem does not hold in general
[14], hence the equivalence relations (1) and (3) do not hold. Second, in nonmono-
tonic logic programs, a rule presents a derivation rule in one-way direction, so
that the contrapositive implication (2) is undefined. These facts mean that the
present IE technique cannot be used when a background theory is nonmonotonic.
Then, reconstruction of the framework is necessary to apply IE to nonmonotonic
ILP.
This paper studies a theory of inverse entailment in nonmonotonic ILP. As

nonmonotonic logic programs, we consider normal logic programs, i.e., logic pro-
grams with negation as failure. Negation as failure represents default negation
in a program, which makes the semantics of programs different from classical
logic. We first review the problem of the deduction theorem in nonmonotonic
theories, then introduce the new entailment theorem in normal logic programs.
Next, we introduce contrapositive rules in normal logic programs and present
their semantic properties. Finally, we construct a theory of inverse entailment in
normal logic programs.
The rest of this paper is organized as follows. Section 2 presents a theoretical

framework used in this paper. Section 3 establishes the new entailment theorem
in normal logic programs. Section 4 introduces a framework of contrapositive
programs. Section 5 constructs a theory of inverse entailment in normal logic
programs, and Section 6 provides examples. Section 7 discusses related issues
and Section 8 concludes the paper.

2 Normal Logic Programs

Definitions of basic notions such as constants, functions, variables, predicates,
and atoms follow from those standard in logic programming [9]. A logic program
considered in this paper is a normal logic program [9, 2], which is a set of rules
of the form:

A0 ← A1, . . . , Am, notAm+1, . . . , notAn (4)

where eachAi (0 ≤ i ≤ n) is an atom and not presents negation as failure (NAF).
The atomA0 is the head , and the conjunctionA1, . . . , Am, notAm+1, . . . , notAn
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is the body which is identified with the set {A1, . . . , Am, notAm+1, . . . , notAn }.
We allow a rule with an empty head of the form:

← A1, . . . , Am, notAm+1, . . . , notAn (5)

which is also called an integrity constraint. A rule with an empty body A ← is
identified with the atom A. Throughout the paper a program means a normal
logic program unless stated otherwise. A program P is Horn if no rule in P
contains NAF. The Herbrand base HB of a program P is the set of all ground
atoms in the language of P . Given the Herbrand base HB, we define HB+ =
HB ∪ {notA | A ∈ HB }. Any element in HB+ is called an LP-literal. A
program, a rule, or an LP-literal is ground if it contains no variable. Any variable
in a program is interpreted as a free variable. In this case, a program P is
semantically identified with its ground instantiation, i.e., the set of ground rules
obtained from P by substituting variables in P with elements of the Herbrand
universe in every possible way.

An interpretation is a subset of the Herbrand base of a program. An interpre-
tation I satisfies the conjunction of ground LP-literals C = A1, . . . , Am, notAm+1,
. . . , notAn if {A1, . . . , Am} ⊆ I and {Am+1, . . . , An} ∩ I = ∅ (written as
I |= C). An interpretation I satisfies the ground rule R of the form (4) if
I |= A1, . . . , Am, notAm+1, . . . , notAn implies A0 ∈ I (written as I |= R).
In particular, I satisfies the ground integrity constraint of the form (5) if either
{A1, . . . , Am} \ I �= ∅ or {Am+1, . . . , An} ∩ I �= ∅. When a rule R contains vari-
ables, I |= R means that I satisfies every ground instance of R. When I does
not satisfy R (i.e., I �|= R), it is also written as I |= notR. We define I+ |= R if
I |= R where I+ = I ∪ {notA | A ∈ HB \ I }. An interpretation which satisfies
every rule in a program is a model of the program. A model M of a program P
is minimal if there is no model N of P such that N ⊂M .
A Horn logic program has at most one minimal model, i.e., the least model,

which provides the declarative meaning of a program. On the other hand, a
normal logic program generally has multiple minimal models. For instance, the
program

a← not b

has two minimal models {a} and {b}. However, in this program the rule asserts
that a is true if b is not true. Since there is no evidence of b, it is natural to
conclude a in the program. In this regard, the minimal model {a} should be
taken as the intended meaning of the program. Thus, in normal logic programs
it is necessary to identify the class of minimal models which provide the in-
tended meaning of a program. The stable model semantics proposed by Gelfond
and Lifschitz [6] is one of the most popular semantics of normal logic programs.
A stable model provides a natural meaning for many normal logic programs
and coincides with the least model in Horn logic programs. Moreover, the sta-
ble model semantics plays an important role to relate logic programming and
nonmonotonic formalisms in AI [2].
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A formal definition of the stable model semantics is as follows. Let R be a
ground rule of the form (4) or (5) and I an interpretation. Then, define RI as

RI =

{
A0 ← A1, . . . , Am if {Am+1, . . . , An} ∩ I = ∅.
true, otherwise.

Given a program P and an interpretation I, the ground Horn program P I is
defined as

P I = {RI | R is a rule in the ground instantiation of P }.
If the least model of P I is identical to I, I is called a stable model of P .
The intuitive meaning of the transformation from P to P I is as follows. First

assume an interpretation I as a possible set of beliefs. Then, for any ground rule
R : A0 ← A1, . . . , Am, notAm+1, . . . , notAn, if {Am+1, . . . , An}∩I = ∅, then
the conjunction notAm+1, . . . , notAn is true wrt I and R is simplified as R

I in
P I . Otherwise, R contains some notAi (m+1 ≤ i ≤ n) such that Ai ∈ I, then I
does not satisfy the condition of R and such R is useless for derivation thereby
deleted (or replaced by true) in P I . If the least model of P I coincides with I,
the belief set I is justified and is called a stable model.
A program may have none, one, or multiple stable models in general. A

program having exactly one stable model is called categorical [2].2 A stable
model is a minimal model and it coincides with the least model in a Horn logic
program. A program is consistent (under the stable model semantics) if it has a
stable model; otherwise a program is inconsistent. Any program is assumed to
be consistent in this paper.

Example 2.1. The program

a← not b,
b← not c

has the unique stable model {b}. Hence, the program is categorical.
The program

a← not b,
b← not a

has two stable models {a} and {b}, which represents two alternative beliefs.
On the other hand, the program

a← not a
has no stable model, hence the program is inconsistent.

If every stable model of a program P satisfies a rule R, it is written as
P |=s R. Else if no stable model of a program P satisfies a rule R, it is written
as P |=s notR. In particular, P |=s A if a ground atom A is true in every stable
model of P ; and P |=s notA if A is false in every stable model of P . In contrast,
if every model of P satisfies R, it is written as P |= R. Note that when P is
Horn, the meaning of |= coincides with the classical entailment.
2 An example of the class of programs with this property is a locally stratified program.
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3 Entailment Theorem

In classical first-order logic, the following deduction theorem holds.

Given a set of formulas T and a closed formula F ,
T ∧ F |= G iff T |= F → G for any formula G.
In the context of nonmonotonic logic (NML), Shoham [14] shows that the

above theorem does not hold in general. He argues that this is due to the differ-
ence of the definitions of entailment between classical logic and nonmonotonic
logic. In classical logic, a formula F is entailed by a theory T (i.e., T |= F ) if F
is satisfied in every model of T . In nonmonotonic logic, on the other hand, the
corresponding relation T |=NML F is defined if F is satisfied in every preferred
model of T . The set of preferred models of T is a subset of the set of all models of
T , then a formula F which cannot be entailed in classical logic might be entailed
in nonmonotonic logic.3

In this paper, we regard stable models as preferred models of a program.
Then, the next relation holds.

Proposition 3.1 Let P be a normal logic program. For any rule R, P |= R
implies P |=s R, but not vice-versa.
Proof. P |= R means that R is satisfied in every model of P . Since stable models
are models of P , P |= R implies P |=s R. It is enough to show a counter-example
for the converse. Let P = { a← not b } which has the unique stable model {a}.
Then, P |=s a but P �|= a. This is because P has the (non-stable) model {b} in
which a is false. ��
Note that the converse does not hold in general even if a program is Horn.

Example 3.1. Let P be the program

a← b
which has the stable model (or the least model) ∅. Then, P |=s c ← d but
P �|= c ← d. That is, c ← d is satisfied in the least model of P , but it is not
necessarily satisfied in every model of P . In fact, P has the model {d} which
does not satisfy c← d.
Shoham presents that in nonmonotonic logic the deduction theorem is false in

general, while the only-if direction still holds.4We first provide the corresponding
result in normal logic programs. A nested rule is defined as

A← R
where A is an atom and R is a rule of the form (4). An interpretation I satisfies
a ground nested rule A ← R if I |= R implies A ∈ I. For a program P , P |=s
(A← R) if A← R is satisfied in every stable model of P .
3 This characterizes the unique feature of NML that “jumping to a conclusion”.
4 Shoham provides no proof of this fact.
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Theorem 3.2. Let P be a normal logic program and R a rule such that P ∪{R}
is consistent. If P ∪ {R} |=s A, then P |=s A← R for any ground atom A.
Proof. When P ∪ {R} |=s A, A is true in every stable model of P ∪ {R}. To
see P |=s A ← R, we show that for any stable model M of P , M |= R implies
A ∈ M . Suppose that there is a stable model M of P such that M |= R. Let
Rg be any ground instance of R. Clearly, M |= R implies M |= Rg, thereby
M |= RgM . Since M is the least model of PM and M |= RgM , M is a model of
(PM ∪{RgM}) = (P ∪{R})M . Suppose that N is the least model of (P ∪{R})M
s.t. N ⊆ M . As (P ∪ {R})M is Horn and consistent, the least model of PM
becomes a subset of the least model of (P ∪{R})M , i.e.,M ⊆ N . Hence,M = N .
Since M is the least model of (P ∪ {R})M , M is a stable model of P ∪ {R}. As
A is true in every stable model of P ∪{R}, A ∈M holds. Hence,M |= R implies
A ∈M , and the result holds. ��
The converse does not hold in general.

Example 3.2. Let P be the program

a← not b
which has the unique stable model {a}. Then, P |=s a← b. On the other hand,
P ∪ {b} has the unique stable model {b}, so P ∪ {b} �|=s a.
An additional condition is necessary for the converse.

Theorem 3.3. Let P be a normal logic program and R a rule such that P ∪{R}
is consistent. Then, if P |=s A ← R and P |=s R, then P ∪ {R} |=s A for any
ground atom A.

Proof. By P |=s R, M |= R for any stable model M of P . In this case, P |=s
A ← R implies A ∈ M . Then, for any ground instance Rg of R, M |= RgM
holds. Since M is the least model of PM and M |= RgM , M is a model of

(PM ∪{RgM}) = (P ∪{R})M . Suppose that N is the least model of (P ∪{R})M
s.t. N ⊆ M . Then, we can show M = N in the same manner as Theorem 3.2.
Thus, A ∈ M for the least model M of (P ∪ {R})M . This implies that A ∈ M
for any stable model M of P ∪ {R}. Hence, P ∪ {R} |=s A. ��
We call Theorems 3.2 and 3.3 the entailment theorem of normal logic pro-

grams.5

4 Contrapositive Rules

In normal logic programs, a rule in a program is not a “clause” in the classical
sense because of the presence of negation as failure. This makes the meaning of

5 We avoid using the term “deduction” because the entailment symbol |=s does not
imply deductive consequences in the classical sense.
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rules different from the one in classical logic. One of such distinctive features is
that a rule and its contrapositive with respect to the implication← and negation
not are not semantically equivalent. For example, the program

a←
has the stable model {a}, while the program which consists of its contrapositive

← not a
has no stable model.
However, in the process of inverse entailment a rule must be contraposed,

hence the introduction of contrapositive rules is necessary to apply inverse en-
tailment to normal logic programs. This section introduces a theory of contra-
positive rules in normal logic programs and presents their properties.

Definition 4.1. Given a rule R of the form:

A0 ← A1, . . . , Am, notAm+1, . . . , notAn ,
its contrapositive rule cR is defined as

notA1 ; · · · ; notAm; not notAm+1 ; · · · ; not notAn ← notA0 (6)

where “;” means disjunction. The left-hand side of ← is the head and the right-
hand side is the body of the rule.

In the contrapositive rule, the atoms A0, A1, . . . , Am in the original rule
are shifted to the other side of the implication with the introduction of not.
On the other hand, the NAF formulas notAm+1, . . . , notAn in the body are
shifted to the head of the rule with the introduction of “nested NAF”. The
semantics of such nested NAF is given in [8]. A ground rule of the form (6) is
satisfied in an interpretation I if A0 �∈ I implies either {A1, . . . , Am} \ I �= ∅ or
{Am+1, . . . , An}∩I �= ∅ (written as I |= cR). When a rule cR contains variables,
I |= cR means that I satisfies every ground instance of cR.
According to [8], the rule (6) is equivalent to the integrity constraint

← A1, . . . , Am, notAm+1, . . . , notAn, notA0 (7)

under the stable model semantics. Hence we identify the contrapositive rule (6)
with the integrity constraint (7) hereafter. In particular,

notA←
is identified with

← A,
and

not notA←
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is identified with
← notA.

The contrapositive form of a nested rule is defined as follows. A nested rule
R considered here is of the form:

L← Q
where L is an LP-literal and Q is a rule of the form (4). An interpretation I
satisfies a ground nested rule L ← Q if I |= Q implies I |= L. For a program
P , P |=s (L ← Q) if L ← Q is satisfied in every stable model of P . Then, a
contrapositive rule cR is defined as

notQ ← notL . (8)

A ground rule of the form (8) is satisfied in an interpretation I if I �|= L implies
I �|= Q. In particular, a ground rule of the form

notQ←
is satisfied in I if I �|= Q.
For a program P , P |=s cR if cR is satisfied in every stable model of P .

Theorem 4.1. Let P be a normal logic program, R a (nested) rule, and cR its
contrapositive. Then, P |=s R iff P |=s cR.
Proof. P |=s R iff P |=s Rg for any ground instance Rg of R.
First, let Rg be a ground (unnested) rule of the form
A0 ← A1, . . . , Am, notAm+1, . . . , notAn. Then, P |=s Rg
iff for any stable modelM of P , {A1, . . . , Am} ⊆M and {Am+1, . . . , An}∩M = ∅
imply A0 ∈M
iff for any stable model M of P , A0 �∈ M implies either {A1, . . . , Am} \M �= ∅
or {Am+1, . . . , An} ∩M �= ∅
iff P |=s cRg
iff P |=s cR.
Next, let Rg be a ground nested rule of the form L← Q. Then, P |=s Rg

iff for any stable model M of P , M |= Q implies M |= L
iff for any stable model M of P , M �|= L implies M �|= Q
iff P |=s cRg
iff P |=s cR. ��

5 Inverse Entailment in Normal Logic Programs

We first apply the entailment theorem (Theorems 3.2 and 3.3) to a ground LP-
literal notA.

Theorem 5.1. Let P be a normal logic program and R a rule such that P ∪{R}
is consistent. If P ∪{R} |=s notA, then P |=s (notA← R) for any ground atom
A. In converse, if P |=s (notA← R) and P |=s R, then P ∪ {R} |=s notA.
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Proof. If P ∪{R} |=s notA, A is false in every stable model of P ∪{R}. Then, the
rest of the proof in this direction proceeds in the same manner as Theorem 3.2.
On the other hand, if P |=s (notA ← R) and P |=s R, A �∈ M for any stable
model M of P . Then, for any ground instance Rg of R, M |= RgM and A �∈M
for the least model M of PM . Then, we can show that M is the least model of
(P ∪ {R})M as in Theorem 3.3. This implies that A �∈ M for any stable model
M of P ∪ {R}. Hence, P ∪ {R} |=s notA. ��
Proposition 5.2 Let P be a normal logic program and L a ground LP-literal.
If P |=s notL, then P ∪ {notL } is consistent.6
Proof. P |=s notL implies P |=s ← L. Then, M |= ← L holds for every stable
model M of P . Let M be any stable model of P . Then, M is the least model of
PM and M |=← L iff M is the least model of (P ∪ {← L })M iff M is a stable
model of P ∪ {← L }. Hence, P ∪ {notL } is consistent. ��
Now we are ready to introduce inverse entailment in normal logic programs.

Theorem 5.3. Let P be a normal logic program and R a rule such that P ∪{R}
is consistent. For any ground LP-literal L, if P ∪ {R} |=s L and P |=s notL,
then P ∪ {notL } |=s notR where P ∪ {notL } is consistent.
Proof. If P ∪ {R} |=s L, then P |=s (L ← R) (Theorems 3.2 and 5.1). On the
other hand, P |=s (L← R) iff P |=s (notR← notL) (Theorem 4.1). Put A = R,
where A is an atom p(x) such that p appears nowhere in P and x is a vector of
variables appearing in R. Then, P |=s (notR← notL) iff P |=s (notA← notL).
By P |=s (notA← notL) and P |=s notL, it holds that P ∪ {notL } |=s notA
(Theorems 5.1). Thus, P ∪ {notL } |=s notR. Also, P |=s notL implies the
consistency of P ∪ {notL } (Proposition 5.2). Hence, the result holds. ��
The converse of Theorem 5.3 does not hold in general.

Example 5.1. Let P be the program

a← b
with L = c, and R = (b←). In this case, P ∪ {notL } becomes

a← b,
← c,

where not c is expressed as the constraint ← c. This program has the stable
model ∅ in which R is false, so that P ∪ {notL } |=s notR. On the other hand,
P ∪ {R} becomes

a← b,
b←,

which has the stable model { a, b }. Since L = c is false in this stable model,
P ∪ {R} �|=s L.
6 {notL } is an abbreviation of {notL←} which is equivalent to {← L }.
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Thus, the relation P ∪ {notL } |=s notR provides a necessary (but not
always sufficient) condition for computing a rule R satisfying P ∪{R} |=s L and
P |=s notL.
Next we present a method of applying the above new inverse entailment

theorem to computing inductive hypotheses in normal logic programs. We first
characterize an induction problem considered here.

Given :
– a background knowledge base P as a categorical normal logic program,

– a ground LP-literal L such that P |=s notL, where L represents a positive
example in case of L = A with a ground atom A; otherwise it represents
a negative example in case of L = notA,

– a target predicate which is subject to learn.

Find : a hypothetical rule R such that

– P ∪ {R} |=s L,
– P ∪ {R} is consistent,
– R has the target predicate in its head.

Here, we assume that P , R, and L have the same language. In the above, the
assumption P |=s notL presents that the given example is false in the unique
stable model of the background program.7 In fact, if the example L is true in P ,
there is no need to find R.
First, suppose that there is a rule R such that P ∪ {R} is consistent and

P ∪ {R} |=s L. When P |=s notL, it holds by Theorem 5.3 that
P ∪ {notL } |=s notR (9)

where P ∪ {notL } is consistent.
The relation (9) means that R is not satisfied in the stable model of P ∪

{notL }. Here we assume that P has the unique stable model and P |=s notL.
Then, the next proposition holds.

Proposition 5.4 Let P be a categorical normal logic program. Also, let L be a
ground LP-literal such that P |=s notL. Then, the stable model of P is equivalent
to the stable model of P ∪ {notL }.
Proof. M is the stable model of P s.t. P |=s notL
iff M is the least model of PM and M |=← L
iff M is the least model of (P ∪ {← L })M
iff M is the stable model of P ∪ {← L }
iff M is the stable model of P ∪ {notL }. ��
Using Proposition 5.4, the relation (9) is simplified as

P |=s notR . (10)

7 If L = notA, P |=s not notA means that A is true in the stable model of P .
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Next, put
M+ = { l | l ∈ HB+ and P |=s l }.

M+ is the set of LP-literals, which augments the stableM of P by the LP-literals
{notA | A ∈ HB\M }. We callM+ the expansion ofM . Then, by (10) it holds
that

M+ |= notR . (11)

Let r0 be an integrity constraint ← Γ where Γ is a conjunction of ground
LP-literals such that Γ ⊆ M+. Since M+ does not satisfy r0, r0 satisfies the
relation (11), i.e., M+ |= not r0.
Here we define a couple of notions. Given two ground LP-literals L1 and

L2, we define the relation L1 ∼ L2 if L1 and L2 have the same predicate and
const(L1) = const(L2) where const(L) denotes the set of constants appearing in
L. Let L1 and L2 be two ground LP-literals such that each literal has a predicate
with more than 0 argument. Then, L1 in a ground rule R is relevant to L2 if
either (i) L1 ∼ L2 or (ii) L1 shares a constant with an LP-literal L3 in R such
that L3 is relevant to L2. Otherwise, L1 is irrelevant to L2.
Now we apply the following series of transformations to the above r0.

1. (dropping irrelevant atoms): Drop any LP-literal from r0 which is irrelevant
to the given example. The resulting rule is denoted as r1.

2. (dropping implied atoms): Suppose that the body of r1 contains both an
atom A and the conjunction B of LP-literals such that A �= B, and the rule
A ← B is in the ground instantiation of the background program. Then,
drop A from the body of r1. The resulting rule is denoted as r2.

3. (shifting the target atom): Let r2 = ← Γ where Γ is a conjunction of ground
LP-literals. If Γ contains an LP-literal notA with the target predicate, pro-
duce the rule r3 : A← Γ ′ where Γ ′ = Γ \ {notA}.

4. (generalization): Replace constants appearing in r3 by appropriate variables.
That is, construct a rule r4 such that r4θ = r3 for some substitution θ.

The above transformation sequence 1–4 is denoted as Trans. The next the-
orem presents that any rule produced by Trans satisfies the relation (11).

Theorem 5.5. Let M+ be a set of ground LP-literals defined as above. If Rie
is a rule which is obtained by Trans, then M+ |= notRie holds.
Proof. Let M+ |= not r0. Dropping any ground LP-literals from the body of the
constraint r0 does not violate this relation. Hence, M

+ |= not r1 and M+ |=
not r2. Next, let r3 : A ← Γ ′ which is obtained from r2 by converting notA
in the body of r2 to A in the head of r3. By M

+ |= not r2, Γ ′ ⊆ M+ and
notA ∈ M+. Hence, M+ |= not r3. Finally, consider r4. Since M+ does not
satisfy a ground instance r3 of r4, M

+ �|= r4 thereby M+ |= not r4. Hence, the
result holds. ��
When P ∪ {Rie} is consistent, we say that a rule Rie is computed using the

inverse entailment rule (IE rule, for short) from an LP-literal L in the program
P (under the stable model semantics).
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6 Examples

Example 6.1. Let P be the background program:

bird(x)← penguin(x),
bird(tweety)←,
penguin(polly)← .

Given the positive example L = flies(tweety), P |=s not flies(tweety). Then,
the set M+ of LP-literals becomes

M+ = { bird(tweety), bird(polly), penguin(polly),
not penguin(tweety), not f lies(tweety), not f lies(polly) }.

From M+ the integrity constraint:

r0 : ← bird(tweety), bird(polly), penguin(polly),
not penguin(tweety), not f lies(tweety), not f lies(polly)

is constructed.
Next we apply Trans. First, LP-literals which are irrelevant to the example

L are dropped:

r1 :← bird(tweety), not penguin(tweety), not f lies(tweety).
When flies is the target predicate, shifting flies(tweety) to the head produces

r3 : flies(tweety)← bird(tweety), not penguin(tweety) .
Finally, replacing tweety by a variable x, we get

Rie : flies(x)← bird(x), not penguin(x)
where P ∪ {Rie} |=s L holds.
Example 6.2. Let P be the background program:

flies(x)← bird(x), not ab(x),
bird(x)← penguin(x),
bird(tweety)←,
penguin(polly)← .

Given the negative example L = not flies(polly), P |=s not not flies(polly)
holds. Then, the set M+ of LP-literals becomes

M+ = { bird(tweety), bird(polly), penguin(polly),
not penguin(tweety), f lies(tweety), f lies(polly),

not ab(tweety), not ab(polly) }.
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Suppose that the following integrity constraint is constructed from M+.

r0 : ← bird(tweety), bird(polly), penguin(polly),
not penguin(tweety), f lies(tweety), f lies(polly),

not ab(tweety), not ab(polly) .

By dropping LP-literals which are irrelevant to L, it becomes

r1 :← bird(polly), penguin(polly), f lies(polly), not ab(polly) .
As bird(polly) is implied by penguin(polly) in P , it is dropped as

r2 :← penguin(polly), f lies(polly), not ab(polly) .
Now let ab be the target predicate. Then, shifting ab(polly) to the head, it
becomes

r3 : ab(polly)← penguin(polly), f lies(polly) .
Replacing polly by a variable x, we get

r4 : ab(x)← penguin(x), f lies(x) .
However, P ∪ {r4} is inconsistent (i.e., having no stable model).
To get a consistent program, construct r′0 as

r′0 : ← bird(tweety), bird(polly), penguin(polly),
not penguin(tweety), not ab(tweety), not ab(polly) .

Applying Trans to this r′0, we get

Rie : ab(x)← penguin(x)
where P ∪ {Rie} |=s L holds.
Our IE rule is different from Muggleton’s one even in the Horn cases.

Example 6.3. [15] Let P be the background program:

even(s(x))← odd(x),
even(0)←,

and the positive example L = odd(s3(0)) where P |=s notL. Then, it becomes
M+ = { even(0), not even(s(0)), . . . , not odd(0), not odd(s(0)), . . . }.

Take the constraint r0 as

← even(0), not odd(s(0)).
By shifting odd(s(0)) to the head and generalizing it, the rule

Rie : odd(s(x))← even(x)
is obtained. Recall that Muggleton’s IE rule cannot derive this rule.8

8 In a Horn logic program, M+ has the effect which is similar to Muggleton’s enlarged
bottom set [12].
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7 Discussion

The present ILP systems mostly consider Horn logic programs as background
theories, and inverse entailment is used for finding hypotheses efficiently in a
program. On the other hand, Horn logic programs have limitation in represent-
ing incomplete knowledge and reasoning with commonsense. This is because
commonsense reasoning with incomplete knowledge is inherently nonmonotonic.
This observation led to the extensive study of nonmonotonic extensions of logic
programming, which includes logic programs with negation as failure [2].
Extending the representation language and enhancing reasoning ability are

also indispensable for constructing a powerful ILP system. In this sense, com-
bining induction and commonsense reasoning in the framework of nonmonotonic
ILP is an important step in the ILP research. However, the present ILP tech-
niques in Horn logic programs are not always applicable in their present form.
For example, it is shown in [13] that inverse resolution causes some problems
in the presence of NAF. Inverse entailment is also an important technique in
Horn ILP, so it is meaningful to examine the technique in the nonmonotonic
situation and to reconstruct a theory. There are some ILP systems which handle
nonmonotonic logic programs as background theories (e.g. [1, 4, 3, 10, 7, 5]). To
our best knowledge, however, no study tackles the problem of reformulating IE
in nonmonotonic theories.
An inductive inference rule is correct if it produces a rule R satisfying P ∪

{R} |=s L for a program P and an example L. In contrast to the IE rule in Horn
logic programs, the correctness of our IE rule is susceptible to the construction
of R. For one reason, in nonmonotonic logic programs a rule is viewed as a
derivation rule and its representation form is meaningful. For example, given
the program P = { a ←, b ← b } and the positive example L = c, it becomes
M+ = { a, not b, not c }. Then, from the integrity constraint ← a, not b, not c,
two different rules R1 = (c← a, not b) and R2 = (b← a, not c) are constructed
according to the different choice of the target predicate. In this case, both R1 and
R2 satisfy the relation M

+ |= notR, while P ∪ {R1} |=s L but P ∪ {R2} �|=s L.
The failure of R2 is due to the inappropriate selection of the target predicate.
If we choose c as the target, the IE rule produces the correct rule R1. In many
cases the target predicate is the predicate in the given example, while this is not
always the case as in Example 6.2.
On the other hand, the transformation sequence Trans outputs rules satis-

fyingM+ |= notR, while Trans also filters out useless hypotheses. For instance,
in Example 6.1 the rule flies(tweety) ← bird(polly) explains flies(tweety) in
P , but this rule is dropped in the process of Trans. In this sense, our IE rule is
not necessarily complete for the computation of rules satisfying P ∪ {R} |=s L.
However, we are dubious about the practical value of the completeness of an in-
ductive inference rule. This is because there may exist possibly infinite solutions
for explaining given examples in general, and it seems meaningless to guarantee
the completeness for computing tons of useless hypotheses. What is important
is selecting meaningful hypotheses in the process of computation, and Trans
realizes this kind of filtering. We showed in Example 6.3 that a meaningful hy-
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pothesis, which is not computed by Muggleton’s IE rule, is obtained using our
IE rule.
Finally, we remark the computational complexity of our IE rule in the propo-

sitional case. Given a finite propositional normal logic program P , checking
whether an interpretationM of P is a stable model is done in polynomial time.9

Thus, checking whether a set M+ of LP-literals is the expansion of the stable
model of a categorical program is also executed in polynomial time. Our IE rule
selects a subset of M+ and composes Rie. This task requires exponential com-
putation in general, however, the transformation Trans reduces the number of
candidate hypotheses, which would ease the construction of Rie.

8 Summary

This paper introduced an inverse entailment rule in nonmonotonic ILP. We pro-
vided a new entailment theorem and a contrapositive theorem to construct a
theory of inverse entailment. We demonstrated that the new inverse entailment
rule successfully finds appropriate inductive hypotheses in normal logic pro-
grams. The proposed method extends the present technique to a syntactically
and semantically richer framework, and contributes to a theory of nonmonotonic
ILP.
In this paper, we considered the IE rule for categorical programs having

exactly one stable model. When a program has multiple stable models, however,
the proposed technique is inapplicable in its present form. It is necessary to relax
the condition for further extension.
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